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Abstract

The solution of the spherical radiative transfer problem is described for absorbing and scattering medium. The Fourier modes method is use
to obtain solutions for linearly anisotropic case in a homogeneous sphere. The calculations are extended to the conservative case that set a lit
for the results. It has been shown that all results converge to this limit. Based on a semi-analytic approach, numerical calculations are performe
and compared to the results of several previous works.
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1. Introduction illumination of a medium by a central isotropic point source,
investigation of radiative equilibrium in a gray nonscattering
Radiative transfer theory was developed to help astrophysimedium contained between concentric black spheres, measure-
cists understand light scattering from and transmitting througiment of the backscattered radiances in some part of the solar
stellar and planetary atmospheres. Radiative transfer theory gpectrum.
also important in heat transfer applications. Understanding radi- In this study, a homogeneous sphere with linearly anisotropic
ant heat propagation in industrial furnaces, combustion chanscattering is considered. The radiative transfer problem with a
bers or even in the design of ceramic heat exchangers is inspherical symmetry is investigated by several methods [7-19].
portant for improving energy efficiency and for eliminating In this article the Fourier modes method solution is used. This
environmental contaminants. The investigation of thermal radipaper primarily presents results for cases considered in previ-
ation heat transfer becomes essential in every high-temperatug@s works of EI-Wakil et al. [19], Abulwafa [14], Siewert and
engineering applications today. Thus, the interaction of therGrandjean [11], and finally Siewert and Thomas [13].
mal radiation with participating medium must be accounted |n dealing with spherical medium problems, it has been
for. Many methods have been proposed and successfully aghown that the spectrum of transport operator comes from anti-
plied to vast variety of radiative heat transfer problems. Solutiorsymmetric solutions of the transport operator in a slab geome-
with Chandrasekhar'& andY functions [1], Case’s normal- try. Therefore in the literature, the spherical geometry problems
mode expansion technique [2—4] the spherical harmoftg3 ( can be related to a fictitious slab problem and its odd mode so-
[4-6] and the discrete ordinate method [5,6] can be consideregtions. This is known as pseudo-slab approach [2,11,19-21].
as fundamental deterministic approaches to solve the radiativehe pseudo-slab approach for the sphere is not required in the
transfer equation. application of the Fourier modes method. The methodology
This paper treats the problem of steady-state radiation fie'ﬁresented here is mainly parallel to tB method that both
in a spherical medium that scatters and absorbs radiation. TRge|q exactly the same results. The main difference is that the
spherical geometry is encountered in radiative transfer app”C%igenvalues are now found as pure imaginary in the Fourier
tions such as uniform core emission in stellar atmospheres, theynsform space. In this study, we extend the results of previ-
ous studies to the well-known conservative case limit.
* Corresponding author. Tel.: +90 2122853885; fax: +90 2122853884, In comparison of these fundamental methods, Karp etal. [22]
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Nomenclature
A* albedo B anisotropy factor
D, partial differential operatord/or Sij Kronecker delta
D, partial differential operator/a . bn expansion coefficient i’y expansion onth
8n eigenfunction 1 Legendre moment of the intensity
I intensity of radiation ............... wnisrt direction cosine of the propagating radiation
];< ?rgcet?(;/r?;llj(e)rder modified Bessel function of P density of radiation intensity ... Wrisr
n+1/2 . .
the third kind ) single scattering albedo
N order of approximation Subscript, superscript
P, nth order Legendre function of the first kind 0 fixed radial variable for radius
ro radiusof sphere........... ... ... ..ol m, polynomial degree
Greek symbols r radial component

superior to others. With a reasonable justification for this diver\We here expand the specific intensity into a series of Legen-
sity, certain methods are better in certain domains than otherdre polynomialsP, (i) which form a complete orthogonal set
However, the method presented here provides a direct approaelithin the range(—1, 1). We then consider a solution for this
for a spherical medium without requiring a theory which estab-integro-differential equation in the form

lishes a relation between the spectrum of transport operator in o
plane and spherical geometry (pseudo-slab approach). Furthqr(r’ 1) = Z 2n + 1¢n ) Py (W) )
more, the conservative case is treated in this scheme effectively. e 2

We then substitute Eq. (4) into Eq. (3), multiply B, («) and

2. Radiativetransfer for non-conservative case . )
integrate ovep and use the recurrence relations

The radiative transfer equation for an absorbing and linearly (m+1) m
anisotropic scattering sphere is given by WP (p) = [ om 1 Prnt1(p) + 2m+ 1Pm—1(“)] (5a)
A (r,p) | 1—p2dl(r 1) 2_1)@Pn(w) _ mOm+1)
n?—1 = Ppuy1(p) — Pm—1(n)|  (5b)
P (D) (W =)= e L ]
1 and orthogonality relations of the Legendre functions
w I / /
=§/du« A+ Bup)I(r, 1), re(0,ro) 1) 1 X
A [ dPa0 Pt = 5= (6)
where] is the intensity of radiatiory direction cosine of the 3
propagating radiatiom single scattering albedg anisotropy to obtain
factor and the rest of the parameters is given in the standar8
notation. The spherical medium is subject to the boundary con- =~ n+2 5 _n- 1
dition n+1| D+ . Gui1(r)+n| D, , Pn—1(r)
I(ro,—)=1, p>0 @ +(2n+ 1)(1 — w80, — gﬁrhn)(bn(r) =0 (7)

Eqg. (1) is not amenable to the separation of variables. Thus, o ) i ]

taking the Fourier transform directly is not possible here in!hiS quation is now in an appropriate form for Fourier-Bessel
contrast to the plane geometry case. In Eq. (1), the partial difransform. Thus we assume

fer@t@l operatorsD, = d/dr andD,L.: d/du commute, that On(r) = gn(k) fulk, 1) 8)

is, D, D, I (r, w) = D, Dy 1 (r, n). In this case, we can tredl,

as constant in the solution procedure (obviously, this does nd¥here

mean that our final solution will beindependent; see Ref. [23, Kyy1/2(—ikr)

p. 261]). Thus we rewrite Eq. (1) in the form k1) = —ikr ©)
(1- MZ)W Dy + 11 ) fa(k, r) satisfies the following recurrence relations
1 . ikfuth,ry = 2 "*(,jfk’ Dot ) (10a)
_ / / /
= 7/1 ' (L + Bup' )1 (r, 1) 3) k1) = afn_alfk,r) n ; 1fn_1(k7r) (10b)
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Using these results, it can be seen that eigenfunctigng, This solution satisfies Eq. (1). Following the standard proce-

satisfy the recurrence relation in the form dure, we can also verify this easily. Here a pair of eigenval-
_ . ues is zero. Thus we have to modify the procedure of non-
ik(n + D)gn+1(k) + (2n 4 D)gn (k) + ikngn—1(k) conservative case. Then instead of Eq. (8), we assume a solution
® .
— 03,0 — 2 81(K)3y1. = 0 (11) ntheform
C1 C1 8n(k)Knt1/2(—ikr)
Hence the required solution becomes Gn(r) = (CO + 37) no+ 7 0n1+ NE=TT
N + 1 (N+1)/2 (18)
I, p) = Z Pu (1) Z gn(k;) If Eq. (18) has an appropriate form, when this is substituted
n=0 j=1 into Eq. (7), the optical variable should disappear. Indeed this
Ky 1/2(—ikr) ng Kpy1/2(ikr) is the case, we thus obtain again Eq. (11) wite 1. Then the
X|Aj——+ (-D)"Bj——— .
I ik Jikr solution becomes
(12) Co 3C
| I(r,u>——°+——l(1+ﬁ)
where we have useg,(—k;) = (—1)"g, (k;). Then Eq. (12) is 2 2r r
used in the symmetry conditiof(r, u) = I (—r, —u) to obtain N 1 (N+1)/2
Bj = A;. Employing the boundary condition given by Eq. (2) + Z Py (1) Z gn(k;)
yields n=0 j=1
K (—ikr) Kpy1/2(ikr)
(N+1)/2 [AL _qnpg, /2R
o1 X : +(D"B .
Z LY ARG Y k) T T ik

n=0 j=1 (19)
" Kn+1/2(_ikr0) L Ky+1/2(ikro) A =1 (13) Using the symmetry property, we find th@t = 0 andB; = A ;.
 —ikro Jikrg ! Then proceeding exactly as in the non-conservative case, we

Multiplying both sides byPa_1(x0) i.e..i =1.....(N + 12  eventually obtain the linear system
and integrating over (0, 1) give a linear system to determine (N+1)/2

expansion coefficient$A ;}. With a definition %9,-0 + Z 2”—+1( 1" Z 0ijgn(kj)
n=0
Ky+1/2(—ikro) n+1/2(ikro)
05 = [ Pz (14) e Iy
/ / N N

(20)
Solving this system, we find thalp =2 andA; =0 for j =

this linear system is given by

2n + 1 n (N+D)/2 ., (N +1)/2. The albedo and density are evaluated again
Z =D Z 0ijgn(k;) by using Egs. (16) and (17) and thus, limit valugs= 1 and
n=0 j=1 o(r) = const= 2 are found.
Kn+1/2(—ikro) » Kn+1/2(ikro) _
% [ /—ikrg +(=1h Jikrg Aj=bio 4, Numerical results
i=1...,(N+1)/2 (15)

. o _ A computer program was written for the Fourier mode solu-
Following the determination of unknown expansion coeffi-tion to compute the albedo and density for linearly anisotropic

cients, we can compute the albedo scattering in a homogeneous spherical medium. For this pur-
pose, we developed a code using MATHEMATICA software.
To be able to implement the procedure, we first need to know
A* =2 | duupl (ro, 16 ) ; L ;
/ pul(ro. i) (16) eigenvalues and eigenvectors. The eigenvalues are determined

from roots of detM (k)|. The bracketing is performed to locate
and the density the interval k1, k2] which contains the root of the equations.
Herek; < kj < kp and if f (k) = det|M (k)|, then signf (k1) #

signf (k2). Then the regular-false method is used to determine
pir) = / dud (r. ) (17)  an eigenvalue of the Fourier modes [24] as follows
koi f (k1) — k1 f (ko
o | Ko = 2i f (k1) — ka; f (ki) (21)
3. Radiativetransfer for conservative case kai — k1

wherei is the iteration step for the virtual eigenvalue. Checking
In the radiative equilibrium case, we hawe= 1 and the so-  signk;; 1 is replaced either by, ; or k2; and iteration contin-
lution is constant throughout the sphere, namily, 1) = 1.  ues until the result converges to the required virtual eigenvalue.
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Table 1 Table 1 ¢ontinued )
The albedoA* of a spherical medium for varioug andw ” 0 Present Ref. [19] Refs. [11,14]
® 0 Present Ref. [19] Refs. (11141 419 20 0.14888 014804 014904
0.10 01 0.88774 087576 088766 0.20 018892 018728 018906
0.20 088949 089907 089940 0.30 023462 023243 023462
0.30 091120 091099 091129 0.40 028739 028494 028722
0.40 092350 092308 092340 0.50 034877 034680 034890
0.50 093443 093534 093564 0.60 042256 042098 042270
0.60 094823 094778 094816 0.70 051369 051208 051330
0.70 096096 096038 096079 0.80 062833 062771 062839
0.80 097376 097313 097363 0.90 078164 078140 078161
0.90 098677 098587 098640 0.95 088002 088001 088004
0.95 099333 099092 099333 0.99 097396
0.99 099868 0.999 099734
0.999 Q99987 1.0 10
1.0 10

0.10 30 0.08574 008476 008590
0.10 05 0.56295 056295 05628 0.20 012061 011914
0.20 059948 059950 05995 0.30 016144 015919 016206
0.30 063857 063838 06384 0.40 020938 020648
0.40 067990 067981 06798 0.50 026570 026315 026595
0.50 072446 072405 07240 0.60 033487 033263
0.60 077133 077141 07714 0.70 042229 042077 042244
0.70 082224 082224 08222 0.80 053955 053862
0.80 087684 087695 08769 0.90 071009 071000 071029
0.90 093605 093602 09360 0.95 083233 083243
0.95 096735 096737 09673 0.99 096151
0.99 099374 0.999 Q99602
0.999 099934 1.0 10
10 10

0.10 50 0.04716 004569 00473
0.10 10 0.33681 033680 033685 0.20 007830 007547 00782
0.20 038063 038024 0.30 011393 011042 01139
0.30 042874 042831 042884 0.40 015553 015187 01554
0.40 048203 048179 0.50 020554 020178 02051
0.50 054251 054168 054226 0.60 026631 026342 02662
0.60 060963 060927 0.70 034493 034267 03448
0.70 068669 068619 068657 0.80 045324 045178 04531
0.80 077473 077469 0.90 062350 062292 06234
0.90 087849 087779 087801 0.95 076249 076236 07625
0.95 093630 093608 0.99 093854
0.99 098685 0.999 099338
0.999 Q99867 1.0 1.0
1.0 10

@ Based on the reported results of the highest approximatios,6.
b ro = 1.0 and 30 results are based on the Ref. [11].

Also this procedure is repeated until all eigenvalues are ob-
tained. They are found in paiesk; for j =1,..., (N 4+ 1)/2. proximation results are compared with those of Refs. [11,14,

The eigenvectors or actua”y numerical Va|uesg9tkj) are 19] The numerical results are given for different Sphere radii,

evaluated from Eg. (11) in the form and single scattering albedo. The single scattering albedo val-
. ues are increased near to the conservative case and finally the
enll)) = (2n — 1) gno1k)) — (1 = Dga_a(k)) conservative case results are given. o _
kj In Figs. 1 and 2 we plotted the variation of the density
_wgo(kj)8n0 p(r) with r for sphere radiirp = 1.0 andrp = 10.0, respec-
I (22) tively. These results are in agreement with the data tabulated in
! Ref. [13]. We can also see from these figures how this variation
The unknown expansion coefficientdA;}, j = 1,...,  converges to the conservative case data wheis increased.

(N +1/2), are determined by solving linear systems of Eqs:The comparison of the results shows that the Fourier mode

(15) and (20). The coefficient matrices in these linear systemgethod accurately evaluates the albedo and the density.
are always full matrices. The Gauss-elimination method is used

as solution method [25]. Finally, the albedo and density arés, Concluding remark
evaluated from the Eqgs. (16) and (17), respectively.

The only isotropic scattering case is considered here to com- In this article, the radiative transfer problem is treated for
pare the results those of the literature. The calculated albedm homogeneous sphere. The medium absorbs and scatters the
values are tabulated in Table 1. In this table various order apradiation. Fourier modes method is considered as a solution
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2.2 L . . .
is trivial, the same methodology can be applied also to find this
case solution.

2 4
Acknowledgement
1.8 . . . .
The author is grateful to Dr. M. Aydin, Evora University,
_ Portugal for many useful comments and suggestions.
o i
= 1.6
References
1.4 - R
[1] S. Chandrasekhar, Radiative Transfer, Oxford University Press, London,
—B=0=08 1950.
19 | —fp—=().9 [2] K.M. Case, P.F. Zweifel, Linear Transport Theory, Addison-Wesley, Read-
' o ing, MA, 1967.
©=0.99 [3] M.N. Ozisik, Radiative Transfer and Interactions with Conduction and
1 \ . J —?—m=1.0 Convection, John Wiley & Sons, New York, 1973.
0 0.2 04 06 0.8 1 [4] M.N. Ozisik, C.E. Siewert, On the normal mode expansion technique for
’ ’ ’ ’ radiative transfer in a scattering, absorbing and emitting slab with specu-
r larly reflecting boundaries, Int. J. Heat Mass Transfer 12 (1969) 611-620.
Fig. 1. The density (r) for a sphere with radiug = 1.0. [5] G.I. Bell, S. Glasstone, Nuclear Reactor Theory, Robert E. Krieger, Mal-
abar, 1982.
25 [6] M.F. Modest, Radiative Transfer, McGraw-Hill, New York, 1993.

[7] K.K. Sen, S.J. Wilson, Radiative Transfer in Curved Media, World Scien-
tific, Singapore, 1990.
[8] K.M. Case, R. Zelazny, M. Kanal, Spherically symmetric boundary-value
N problems in one-speed transport theory, J. Math. Phys. 11 (1970) 223-238.
[9] R.C. Erdmann, C.E. Siewert, Green’s functions for the one-speed transport
equation in spherical geometry, J. Math. Phys. 9 (1968) 81-89.

[10] S. Wu, C.E. Siewert, One-speed transport theory for spherical media with
internal sources and incident radiation, Z. Angew. Math. Phys. 26 (1975)
637-640.

[11] C.E. Siewert, P. Grandjean, Three basic neutron-transport problems in
spherical geometry, Nucl. Sci. Engrg. 70 (1979) 96-98.

[12] C.E. Siewert, J.R. Thomas, Particle transport theory in a finite sphere con-
taining a spherical-shell source, Nucl. Sci. Engrg. 81 (1983) 285-290.

[13] C.E. Siewert, J.R. Thomas, Radiative transfer calculations in spheres and
cylinders, JQSRT 34 (1985) 59-64.

[14] E.M. Abulwafa, Radiative-transfer in a linearly-anisotropic spherical
medium, JQSRT 49 (1993) 165-175.

[15] S.A. EI-Wakil, M.H. Haggag, M.T. Attia, E.A. Saad, Radiative transfer in
an inhomogeneous sphere, JQSRT 40 (1988) 71-78.

[16] S.T. Thynell, M.N. Ozisik, Radiation transfer in an isotropically scattering
homogeneous solid sphere, JQSRT 33 (1985) 319-330.

[17] J.R. Tsai, M.N. Ozisik, F. Santarelli, Radiation in spherical symmetry with

p(r)

r anisotropic scattering and variable properties, JQSRT 42 (1989) 187-199.
[18] S.J. Wilson, T.R. Nada, Radiative transfer in absorbing, emitting and lin-
Fig. 2. The density () for a sphere with radiugy = 10.0. early anisotropically scattering inhomogeneous solid spheres, JQSRT 44

(1990) 345-350.

P : : 19] S.A. El-Wakil, A.R. Degheidy, H.M. Machali, A. El-Depsy, Radiative
method. Itis important to note that this method results are ider! transfer in a spherical medium. JOSRT 69 (2001) 49-59

tical to those of the spherical harmonics metha@y ). This  [20] G.J. Mitsis, Transport solutions to the monoenergetic critical problem,
includes the equivalence of the same omdaesults. Thus main ANL-6787, 1963.

. . . . . . [21] C. Yildiz, The F) solution of the time-dependent neutron transport equa-
difference arises in the elgenvalue domain that Whlleme tion for a sphere with forward scattering, JQSRT 74 (2002) 521-529.

method eigenvalues are real, they are now found as pure imagp2] A.H. Karp, J. Greenstadt, J.A. Fillmore, Radiative transfer through an ar-
nary. In the Fourier modes method, a special step is required to bitrarily thick, scattering atmosphere, JQSRT 24 (1980) 391-406.

. . . . . . 23] B. Friedman, Principles and Techniques of Applied Mathematics, eighth
cast the integro-differential equation into an appropriate formt ed., John Wiley & Sons, New York, 1966

for the Fourier—Bessel transform. Therefore, the partial differ{24] w.H. press, B.P. Flannery, S.A. Teukolsky, W.T. Vetterling, Numerical
ential operator is treated as constant. Finally both methods do Recipes; The Art of Scientific Computing, Cambridge University Press,
not require using the pseudo-slab approach. Although, the angy, Cambridge, 1986.

i . : ; ) . G.H. Golub, C.F. Van Loan, Matrix Computations, The Johns Hopkins
lytical solution for the conservative case in a spherical medium  university Press, Baltimore, MD, 1984.



